
 

Dirichletseries

Definition let feet and see We
define the Dirichlet series attached to
to be the formal series

Lf S Fythms

Convention Oftentimes in analytic number theory
if S E C we write S o it
where The s and t Imls

kafcabsolutelconvergencetheoreme.lt
feet There exists Jae RU 1003

such that s converges absolutely for
for all sec with Recs Talf and it
does not converge absolutely for Recs Calf
Talf is called absciss ofabsolutenerence



Proof Let D Se CI Lfs converges absolutely

If D then set Ta 00 nothing to prove

We define Talf inf Recs SE Δ SERVE03

We need toshow that if 5 Reis Talf
then Lf s converges absolutely

let s Ta f Then there exists Talf 20 20
and s it such that
4151 absolutely convergent

exists

bydefinition

Then E.lt l Eit tcEi t 2o

s absolutely convergent

Theorems Let fett There exists Tclf ERUSIN
called abscissa of conditional convergence such
that fls converges if 5s Ge f and
Is does not converge if 52 Telf

The convergence is uniform on compactsets
and Galf 1 2 Telf 2 Ta f



Recs Talf
Cfcs abs conv

R s Tc f
Lesson

Proof If sec Lfs convergent
Set self 00 and nothingtoprove

Otherwise set self inf Recs Lf s converges

Let K A B C A a compactrectangle
inside SFC Reis self Nate thatevery
compactset inside Recs self is contained
in such rectangle Therefore it is enough to

prove uniform convergence on K

By definition Soe Telt Recs 2A
s converges
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Let sek Define S S y

Soly F ftp.t
Fix Eso As Lf So converges 1

such that y Yo we have

1 So19 x E byCauchy criterion

By partial summation
So S

sis Y x Ʃ fof n

genex
Soly

S So s Say3 28
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22
y



Set m min 5 To SEK A To 0

M max S so Sek 0

I

412 III fair
Hence for all x y y and SEK

IS S y x E E 1m52 11 1m
This shows is Cauchy and uniformly

convergent inside K

It remains toshow Talf 1 Jeff Ta f
RHS is clear

Let see such that 0 Recs Telt We want
to show 5 1 Talf
Let s e e is f 0 0 s self andLf18 conv

set 0 0



IS convergent No e NS.t.kneno ftp.ft
E.IE l Ei
In

20

15 1 absolutely convergent

Holomophicity ofDirichletseries in halfplane
ofconditional.com ergence

Recall the following theorem from complex analysis

Thmffffffiopen.fm r a sequence of
holomorphic functions on r Assume thatpointwise
limit lingfn exists and that convergence
is uniform on compacta

Then f is holomorphic and moreover fiff
uniformly on compactsets



Let feet Then is holomorphic6 4 0 Reesis rift and

s tmty ontelsts.at

Proof Let fools If
This is holomorphic on SEC Recs self

and for f uniformly on compacta inside
I Se C Recs Golf 3
Also clearly fails Intakan a

A epropertiesft.ms

The Suppose f get and Lg Lg both
converge absolutely at s ThenLfag converges
absolutely at s and Lf g s LISLg s

Proof E 1 1 12 54



In In.at 118m

IE.tn 1 IE.at 1 zoo

hence
gls absolutely convergent at s

if 281s Lg's are abs car at s

Moreover note that
g's In 2m 91T LISILg's

in the region of absolute convergence

Corollary Talfa g 2 max Talf Taly

Identity theoremThe
suppose f get and

Max Talf Jaly 250 00

Suppose that 2 15 Lg s for Recs To
Then f y

Proud let h f get



ThenLL con abs for Recs To and22151 0

Let no inf n hin to

If not we have
high hn

for Reis To
Thus thin 14m 1km5

In 15nF1 o

I1 5 1m

no I I
indep.FI somtdpofs

Hmo 0 which is absurd

Informally Lf S determines uniquely fin
for Pels Ta f and moreover we know

g
s S Ly S uniquely identifies fog
on Recs s max Talf Talg



Examples
s

Exercise a E To E 1

Els Lee S 915 conn abs for1215131

Le s 1

Lms Le s LEIST for Recs 1

Since Ln holomorphic on Recs 1 it follows
that 415 to for Recs 1

Lloyd If ftp s 4s
for Recs 1

Lals legals 4 Recs 1

Lidis Efs 2 415 1 for Rels 2

Lyls S Lid's 4 for12157 2


